Abstract. We reconsider fluid dynamics for a self-propulsive swimmer in Stokes flow. With an exact definition of deformation of a swimmer, a coordinate-based proof is first given to Purcell's scallop theorem including the body rotation. 1. Introduction. Fluid dynamics of locomotion of microorganisms such as bacteria and plankton has been studied for more than half a century [12] , [17] and is still a hot topic in physics, mathematics, and biology [9] . A milestone discussion of the locomotion of such microswimmers is the well-known Purcell's scallop theorem [14] , which asserts that a microorganism with a reciprocal stroke in Stokes fluid cannot travel in one movement but must exert thrust against the flow via a nonreciprocal stroke. The proof of the theorem given in Purcell's famous lecture [14] was only schematic. Although the theorem was repeatedly discussed by many researchers [15] , the definition of the deformation of the swimmer appears not to have been given much attention.
Introduction.
Fluid dynamics of locomotion of microorganisms such as bacteria and plankton has been studied for more than half a century [12] , [17] and is still a hot topic in physics, mathematics, and biology [9] . A milestone discussion of the locomotion of such microswimmers is the well-known Purcell's scallop theorem [14] , which asserts that a microorganism with a reciprocal stroke in Stokes fluid cannot travel in one movement but must exert thrust against the flow via a nonreciprocal stroke. The proof of the theorem given in Purcell's famous lecture [14] was only schematic. Although the theorem was repeatedly discussed by many researchers [1] , [2] , [4] , [7] , [15] , the definition of the deformation of the swimmer appears not to have been given much attention.
Shapere and Wilczek [15] first established a theoretical formalism for a swimmer in viscous fluid in terms of gauge structure and gave a proof for the scallop theorem. In the case of zero inertia, the motion of the swimmer is determined from the position and the orientation of the swimmer at the same instant, irrespective of the history of the swimmer's motion. Therefore, if a swimmer's surface deformation is the same as every other swimmer's, the motions of all swimmers are related only by translation and rotation, which are often called the gauge structure of their motion. In [15] , the displacement and rotation are given by a line integral of a matrix, which is called gauge potential, over configurations of the swimmer in a shape space. Then they gave a proof to the scallop theorem, employing a finite curve without self-intersection in the shape space as the integral path. In their framework, however, no operational formulae for the locomotion is provided, since the definition of the surface deformation of the swimmer is not explicitly given, and therefore it is not clearly distinguished from the net movement, i.e., the translation and the rotation of the swimmer.
Yariv [18] introduced two frames of reference for decomposing the velocity into surface deformation and the net movement. The first is an inertial reference frame and the second is a "body-fixed" frame. The origin of the latter was taken at its geometric center, while he commented that it is possible to take the origin at an arbitrary position. Then he derived an operational formula which gives its position and orientation in terms of the surface deformation labeled by Lagrangian coordinates. However, he only discussed the motion without rotation and he did not prove the scallop theorem completely. As pointed out by Yariv [18] himself, the rotation and the surface deformation of the swimmer are not uniquely identified, although he suggested another proof in which the swimmer is isolated from the surrounding fluid. The arbitrariness of the decomposition causes a difficulty in his proof when the swimmer rotates.
In this paper, we will give a definition of the surface deformation of the swimmer, introducing a virtual swimmer which undergoes the same surface deformation as the real swimmer but has no ambient fluid. Our definition identifies the surface deformation uniquely, and then we prove the scallop theorem including a rotational motion of the swimmer. We call the coordinates attached to the virtual swimmer the vacuum coordinates, and those attached to the real swimmer the body coordinates. The transformation from the former to the latter defines the displacement and the rotation (i.e., the gauge) of the swimmer. It should be remarked that deformation of the virtual swimmer conserves the momentum and the angular momentum. By use of the vacuum and the body coordinates, we will consider the case of mass-zero limit to prove the scallop theorem.
A remark should be made on the nonzero mass case, which has also been a subject of research recently. On the status of the scallop theorem, Childress and Dudley [3] stated As far as we know there has been no rigorous proof of this theorem based upon the mechanics of a Navier-Stokes fluid and free-swimming body and discussed the case of nonzero inertia of both a body and fluid, and argued the possibility of a sudden breakdown of the theorem at a nonzero critical Reynolds number. The breakdown of the theorem may also arise from unreciprocal deformation and from fluid properties such as rheology [10] and inertia [3] , [8] . The scallop theorem and its breakdown have been reviewed recently by Lauga [11] .
The breakdown due to a finite mass of the swimmer, i.e., a finite Stokes number, was first discussed by Gonzalez-Rodriguez and Lauga [5] . They provided general differential equations that govern locomotion of such a dense swimmer, and gave some examples of swimmers which negate the theorem due to the body inertia. However, in their research, the definition of the deformation of the swimmer was not uniquely defined.
This paper consists of four sections. Section 1 is the introduction, and in section 2 we define a uniquely identified deformation of a swimmer. Then we discuss a theoretical framework for a swimmer immersed in Stokes fluid, and give an equation that governs the locomotion of the swimmer, by use of the reciprocal theorem following Stone and Samuel [16] and Yariv [18] . In section 3 we restate the scallop theorem and give a complete proof of it. A summary and discussion are given in section 4.
Formulation.
In this section we set up formulae for velocity and angular velocity of a self-propulsive swimmer in a fluid. To discuss the motion of the swimmer, we first define a virtual swimmer, which deforms its body in exactly the same way as the real swimmer, except that the virtual swimmer has no surrounding fluid and thus experiences no external forces. The virtual swimmer therefore conserves the total momentum and the total angular momentum, both of which we assume to be zero. We further assume that at the initial time the virtual swimmer exactly coincides with the real swimmer, and therefore both their centers of mass are located at the same position, and their orientations are the same. We attach inertial coordinates, which we call the vacuum coordinates, to this virtual swimmer with its origin located at the center of mass. The virtual swimmer has exactly the same shape as the real swimmer at the same time, and thus the latter is obtained by an affine transformation from the former. We also define the body coordinates attached to the real swimmer as the coordinates obtained by the same affine transformation from the vacuum coordinates. Thus the origin of the body coordinates is located at the center of mass of the real swimmer. We denote the orthonormal basis of the vacuum coordinates by e i (i = 1, 2, 3), which is independent of time ( Figure 2.1) . The motion of the virtual swimmer is described in Lagrangian coordinates where a position of a Lagrangian particle of the virtual swimmer, f (a, t) = i f i (a, t)e i , is regarded as a function of the Lagrangian coordinates a = (a 1 , a 2 , a 3 ) and time t with f (a, 0) = a.
We now define the surface deformation velocity u of the virtual swimmer as u = i ∂fi ∂t (a, t)e i , where a is assumed to be on the surface of the swimmer. The real swimmer, however, not only deforms but also translates and rotates under the action of the external force from the surrounding fluid. The translation velocity U is defined as U = dX/dt where X(t) is the center of mass of the real swimmer. The position of the Lagrangian particle of the real swimmerf (a, t) with respect to the center of mass of the real swimmer is then obtained asf (a, t) = R(t) · f (a, t) or f i = R ij f j , where R(t) is a rotation matrix in SO(3) and R(0) = 1, because the real and virtual swimmers have exactly the same shape. The Einstein convention for repeated indices is employed.
The rotational angular velocity vector Ω(t) is defined together with two skew symmetric matrices A(t), B(t) as
The total surface velocity u of the real swimmer is
where we have used (2.1). The last termũ means the surface deformation velocity of the real swimmer defined asũ = R · u . 
and the stress tensor Π is given by (2.6)
The nondimensional parameters of the equation, Re and R ω , are the Reynolds number Re = ρV L/μ and the oscillatory Reynolds number R ω = ρL 2 ω/μ, the latter of which corresponds to the product of the Reynolds number and the Strouhal number St = Lω/V , where L, V , and ω are, respectively, the characteristic scales of length, velocity, and frequency (d/dt) of the fluid motion, with the density ρ and the viscosity μ of the fluid being assumed constant in this paper. The boundary condition for v at the body surface of the real swimmer is that v coincides with the total surface velocity u of the real swimmer, while v → 0 at infinity. From Newton's equation of motion for the real swimmer, we obtain the following equation in the nondimensional form,
whereĨ is the inertial momentum tensor of the real swimmer. The nondimensional number R S , the Stokes number, is represented as R S = ρ M L 2 ω/μ, where ρ M is the mean density of the swimmer. The force F and the torque T acting on the real swimmer are also nondimensionalized like F * = μLV F using the Stokes law of resistance, where the asterisk denotes the dimensional quantity. This nondimensionalization is effective in a situation without other external forces such as gravity and electromagnetic forces.
Hereafter, we assume that the nondimensional parameters ReC, R ω CR S satisfy the inequality Re, R ω , R S 1. In this section we will consider the motion of the swimmer in the fluid and will derive equations for the velocity U and the angular velocity Ω using a method similar to that of Stone and Samuel [16] and Yariv [18] . When the fluid obeys the steady Stokes equation, Lorentz' reciprocal theorem [13] gives (2.8)
whereS and dS denote the surface and the surface element of the real swimmer, while we describe those of the virtual swimmer by S and dS. The "hat" symbol indicates quantities of another solution of the Stokes equations with the same boundary shapeS, and the vector n denotes the unit normal vector to the surface. For the solutionû we take a solution satisfying the boundary condition (2.9)û =Û +Ω ×f Downloaded 11/19/12 to 130.54.130.241. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php at the surface S of the swimmer [16] . With linearity of the Stokes equation, the stress tensor is given by (2.10)Π =Σ T ·Û +Σ R ·Ω, whereΣ T andΣ R are third rank tensors [6] which depend on the direction of the body coordinatesẽ i . Substituting (2.9) and (2.10) into (2.8), we have
where the superscript T denotes the transpose of the tensor. Here n ·Σ T and n ·Σ R denote the second rank tensors n iΣT ijk and n iΣRijk , respectively. Using the 6 × 6 symmetric resistive tensor
and arbitrariness ofÛ andΩ, we obtain (2.13)
With negligible small Stokes number in Newton's equation of motion (2.7), we obtain the desired equation:
The force F T R and the torque T T R are the external force and the torque from the fluid, arising from the translation and rotation of the real swimmer, while the force F D and the torque T D arise from the surface deformation of the swimmer. We remark that the right-hand side of (2.14) represents the total force and torque exerted on the real swimmer, and therefore when we take into account the gravity and the buoyancy effects, we need only add the gravity and the buoyancy forces to F and their torques to T , respectively.
We should note that both the third rank tensors,Σ T andΣ R , and the resistive tensorK of the real swimmer depend only on the surface shape of the real swimmer f (t).
As we are considering the scallop theorem, which is concerned with the motion of the swimmer due to its surface deformation defined by using the virtual swimmer, 1 The relation of off-diagonal components of K is as below using Lorentz' reciprocal theorem. If we take two solutions with the boundary condition u = U andû = Ω × f , respectively, at an arbitrary surface S, we obtain Π = Σ T · U andΠ = Σ R · Ω . Substitution of these into equation it is convenient to describe the problem in terms of quantities of the virtual swimmer in the vacuum coordinates. We then have the equations
where the 6 × 6 matrix R is defined as
When the deformation velocity of the virtual swimmer is given, this equation together with (2.1) determines the rotation matrix R(t) and the translational velocity U (t).
Proof of the scallop theorem.
In this section we give a proof of the scallop theorem using (2.1) and (2.17).
We consider the case where the shape of the virtual swimmer deforms in a reciprocal manner; i.e., the shape once deformed retraces back to the initial shape. The mathematical definition of the reciprocal motion is that for the surface deformation of the virtual swimmer, which starts at t = 0 and ends at t = T , there exists a continuous function g(t) such that f (t) = Q(t)·f (g(t)) and g(0) = g(T ) = 0, where Q(t) ∈ SO(3) is a three-dimensional rotation matrix, allowing for the possibility that the swimmer takes different directions at time t and g(t). We assume that g(t) is smooth except at a finite number of points, and then the intervals of integration over the time t in the following should be divided into those in which g(t) remains smooth. In this case, we can prove that Q(t) = 1 as below.
The total angular momentum of the virtual swimmer always vanishes, and therefore,
Be sure that the order of the substitution and the differentiation are indicated by the positions of the parentheses and the differentiation, respectively; for example,
. Noting that
where the angular velocity vector Ω Q is defined as
and ρ m = ρ m (a) is the density of the swimmer, we find the contribution from the second term of (3.2) to (3.1) vanishes as 
where I is the inertial momentum tensor of the virtual swimmer. For a general threedimensional swimmer, I is not degenerated and we have Ω Q (t) = 0. Then (3.3) with Q(0) = 1 gives Q(t) = 1.
The scallop theorem asserts that the position and the direction of the real swimmer at the final time t = T coincide with the initial position and direction if the motion of the swimmer is reciprocal, the surrounding fluid obeys the steady Stokes equation, and the Stokes number of the swimmer vanishes. In this case, (2.17) is reduced to
where the tensor M, the mobility tensor, is the inverse of the resistive tensor K.
Denoting t = g(t) for short, (3.6) is reduced to
where we have used the fact that M(t) = M(t ), S(t) = S(t ), Σ T (t) = Σ T (t ), and Σ R (t) = Σ R (t ), which holds because f (a, t) = f (a, t ). Especially from this equation, we obtain (3.10)
Using (2.1) and (2.2) we obtain
and from the definition of the determinant of the matrix R we have
which leads to
by the use of |R| = 1 and the multiplication of R rq to (3.12). Substituting (3.13) into (3.11), we have (3.14) This relation reflects the gauge structure of the system. The matrix A corresponds to a part of a vector potential A rot , which is described in equation (2.5) of [15] . The rotation matrix R(t) satisfies
and R(g(t)) is also the solution of (3.16), because
and R(g(0)) = R(0) = 1. Therefore R(g(t)) = R(t), and thus 2 R(g(T )) = R(0) = 1. Using this relation in (3.9), we have U (t) = U (t )dt /dt which implies
Together with X(g(0)) = X(0), this means that X(g(t)) = X(t) and thus X(T ) = X(g(T )) = X(0) = 0, which completes the proof of the scallop theorem.
Summary and discussion.
We have established a framework for discussing a motion of a swimmer immersed in Stokes fluid, and have given a complete proof for the scallop theorem.
In order to define the deformation velocity, we introduced the virtual swimmer which has the same shape as the real swimmer but has no ambient fluid. We then attached the vacuum coordinates to the virtual swimmer and the body coordinates to the real swimmer. The position and the orientation of the real swimmer are obtained by an affine transformation from the virtual swimmer. We derived the formulae which provide the velocity and the angular velocity of the swimmer when the surface deformation of the virtual swimmer is given in the case where Reynolds number Re, oscillatory Reynolds number R ω , and Stokes number R S vanish. Using these formulae, we have proved the scallop theorem at a vanishing mass of the swimmer or, equivalently, a zero Stokes number.
Our theoretical framework, which gives a uniquely determined surface deformation, is applicable also to the swimmer with nonzero mass. Letting the Stokes number in Newton's equation (2.7) be a nonzero constant, the equation for the swimmer (2.17) becomes
With this equation, a perturbational approach is possible for the breakdown of the scallop theorem due to the nonzero mass. This analysis shows that the order of the displacement in a period of the reciprocal deformation is related to a symmetry of the surface deformation of the swimmer, which will be reported elsewhere. 
